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A COARSE CLASSIFICATION OF COUNTABLE ABELIAN
GROUPS
J. HIGES
Abstract. We classify up to coarse equivalence all countable abelian groups
of finite torsion free rank. The Q-cohomological dimension and the torsion
free rank and are the two invariants that give us such classification. We also
prove that any countable abelian group of finite torsion free rank is coarsely
equivalent to Zn ⊕ H where H is a direct sum (possibly infinite) of cyclic
groups. A partial generalization to countable abelian groups of the Gromov
rigidity theorem for abelian groups is shown.
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1. Introduction and preliminaries
Given a finitely generated group G with L = {g1, g2, ..., gn} a symmetric system
of generators of G the norm ‖g‖G of an element g ∈ G is the minimum k ∈ N such
that g = gi1 · ... · gik with gim ∈ L. With this norm one can easily define a metric
dG in G by dG(g, h) = ‖g
−1 ·h‖G. Such metric is called a word metric. Gromov in-
troduced in [11] some invariants to study the geometry of finitely generated groups
with word metrics. One important problem is to classify finitely generated groups
quasi-isometrically. Notice that as finitely generated groups are quasi-geodesic then
a coarse classification of finitely generated groups will imply a quasi-isometric clas-
sification. Some examples of this kind of results has been obtained for finitely
presented groups of asymptotic dimension 1 ([8], [7]) and for abelian groups([10]).
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But the main problem remains open even for the class of meta-abelian groups (see
[4] for further details).
In last years there has been a lot of research (see [3], [5], [12], [16], [17] and [18] for
example) trying to apply the ideas of Gromov to countable groups not necessarily
finitely generated. For such groups it is clear that the notion of word metric need to
be changed. To construct metrics in countable groups that satisfy similar properties
as word metrics we use the concept of proper norm. A map ‖ · ‖G : G → R+ is
called to be a proper norm if it satisfies the following conditions:
(1) ‖g‖G = 0 if and only if g is the neutral element of G.
(2) ‖g‖G = ‖g
−1‖G for every g ∈ G.
(3) ‖g · h‖G ≤ ‖g‖G + ‖h‖G for every g, h ∈ G.
(4) For every K > 0 the number of elements of G such that ‖g‖G ≤ K is finite.
(proper condition)
So if we build a proper norm ‖ · ‖G in G then the map dG(g, h) = ‖g
−1 ·h‖G defines
in a group what is called a proper left invariant metric. Recall that a metric dG
defined in a group G is left invariant if dG(g · h1, g · h2) = dG(h1, h2) for every
g, h1, h2 ∈ G.
It is important to find (non finitely generated) countable versions of results about
finitely generated groups. Notice that proper left invariant metrics appear also nat-
urally when we take the restriction dG|H of a word metric dG of a finitely generated
group G to some subgroup H ⊂ G. Hence the study of the coarse geometry of
countable groups with proper left invariant metrics can give us information about
the geometry of finitely generated groups with word metrics. One example of this
fact is the paper of Dranishnikov and Smith ([5]) about the asymptotic dimension
of countable groups.
Another coarse invariants that has been studied in the context of countable
groups are the asymptotic Assouad-Nagata dimension in [3] and [12] and the co-
homological dimension in [17] and [16]. In this two last papers Shalom and Sauer
shown that the cohomological dimension is a coarse invariant for certain types of
countable groups. Given a ring R the cohomological dimension of a group G over R
(cdR(G)) is the supremum of all the numbers n such that there exists an RG-module
V with Hn(G, V ) 6= 0. The following results will be important for us:
Theorem 1.1. (Shalom-Sauer [17], [16]) Let R be a commutative ring and suppose
there is an uniform embedding(coarse embedding) of G intoH with G and H discrete
countable groups. Then the following two statements hold:
(1) If cdR(G) is finite then cdR(G) ≤ cdR(H).
(2) If G is amenable and Q ⊂ R then cdR(G) ≤ cdR(H).
Futhermore (1) and (2) hold true if the cohomological dimension is replaced by the
homological dimension.
In view of this result a coarse classification of countable abelian groups could
help us to determine their cohomological and homological dimensions with respect
some rings.
Recall that a map f : (X, dX) → (Y, dY ) between metric spaces is said to be a
coarse map if for every δ > 0 there exists and ǫ > 0 such that if dX(x, y) ≤ δ then
dY (f(x), f(y)) ≤ ǫ. If moreover there exists a coarse map g : (Y, dY ) → (X, dX)
ant two positive constants K1 and K2 such that for every x ∈ X and y ∈ Y we gave
dX(g(f(x)), x) ≤ K1 and dY (f(g(y)), y) ≤ K2) then it is said that f is a coarse
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equivalence and g is a coarse inverse of f . If there exists a coarse equivalence
between two metric spaces it is said that both spaces are coarsely equivalent. If
a map f : (X, dX) → (Y, dY ) defines a coarse equivalence between X and some
subspace of Y it is said that f is a coarse embedding. For a study of coarse map in
a more general way check [15].
The coarse structure of finitely generated abelian groups is well known. Firstable
is not hard to see that a finitely generated abelian group G is coarsely equivalent
to Zn with n its torsion free rank. A second remarkable (but not so easy) result is
the following quasi-isometric rigidity of Zn (see [10] and [17]):
Theorem 1.2. (Gromov) If a group G is quasi-isometric to Zn then it has a finite
index subgroup isomorphic to Zn.
In other words a finitely generated group is coarsely equivalent to an abelian
group if and only if it is virtually abelian. Recall that a group G is said to satisfy a
property P virtually if there exists a subgroup H ⊂ G of finite index that satisfies
P .
The main targets of this paper is to study countable version of this two results
about abelian groups. In particular we will show that any countable(non finitely
generated) abelian group G of finite torsion free rank is coarsely equivalent to Zn⊕
M with M a locally finite group of the form
⊕∞
i=1 Zpi(Theorem 6.1 and Theorem
6.6). Also we will prove that if a countable group G is coarsely equivalent to an
abelian group of torsion free rank finite then it is locally virtually abelian(Theorem
6.7). A countable group is said to satisfy a property P locally if all its finitely
generated subgroups satisfy P . It is unknown if the converse of this fact is also
true(Problem 6.8).
To prove the main results we study the coarse splitting (see definition 4.5) of
exact sequences. In particular we are interested in determining which properties
has to satisfy an exact sequence 1 → H → G → G/H → 1 to guarantee that G is
coarsely equivalent to H ⊕G/H . Notice that in general it is not always true even
for finitely presented groups, otherwise nilpotent groups would be coarsely abelian
what is clearly false.
In Section 2 we will study the growth function in countable groups. In Section
3 we will discuss the abelian torsion groups. Sections 4 and 5 are devoted to the
study of the odd part and the even part of a countable abelian group and the coarse
splitting theorems mentioned early. Finally in section 6 we state the main results
of this paper.
2. Large scale connectedness and growth of countable groups
In this section we will show that large scale connectedness is useful to determine
if a group is finitely generated or not. As a plus, this will leads us to show that the
growth of countable groups deppends uniquely of the growth of its finitely generated
subgroups.
We will define the growth of a countable group using the idea of s-scale chain.
Let s be a positive real number. An s-scale chain of length m (or s-path) between
two points x and y of a metric space (X, dX) is defined as a finite sequence points
{x = x0, x1, ..., xm = y} such that dX(xi, xi+1) < s for every i = 0, ...,m − 1. A
subset S of a metric space (X, dX) is said to be s-scale connected if there exists an
s-scale chain contained in S for every two elements of S. A metric space (X, dX)
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is said to be large scale connected if it is s-scale connected for some s > 0. It is not
difficult to see that large scale connectedness is invariant under coarse equivalences.
One important aspect about countable groups with proper left invariant met-
ric is that the s-scale connected components corresponds with finitely generated
subgroups. This is shown in next lemma.
Lemma 2.1. Let G be a countable group with dG a proper left invariant metric.
Then for every s > 0 the s-scale connected component H of G at the origin 1G is
a finitely generated subgroup of G.
Proof. Suppose s > 0 given and let H be the s-scale connected component at 1G.
As dG is proper(and discrete) the set A = {ai|ai ∈ G and ‖ai‖d ≤ s} is finite.
We will show that H is the subgroup generated by A. Let g ∈ H then there is a
sequence 1 = g0, g1, ..., gn = g such that d(gi, gi+1) ≤ s. Hence ‖g
−1
i · gi+1‖ ≤ s and
g−1i · gi+1 ∈ A. As g = g
−1
0 · g1 · g
−1
1 · g2 · ... · g
−1
n−1 · gn we have that all elements of
H are generated by A. 
Corollary 2.2. A countable group G is finitely generated if and only if it is large
scale connected for some (and hence for all) proper left invariant metrics dG.
Proof. If G is a finitely generated group then its word metric dG is a proper left
invariant metric and (G, dG) is large-scale connected. It is known that large-scale
connectedness is a coarse property and all proper left invariant metrics are coarsely
equivalent (see [18]). So we get one implication. For the converse suppose (G, dG)
is a countable group with dG a proper left invariant metric. Suppose dG is s-scale
connected. By lemma 2.1 the s-scale connected component of G(and hence the
whole group) is a finitely generated subgroup H of G. 
In view of lemma 2.1 we can expect that properties related with the s-scale
components in a countable group can be estimated just viewing the behaviour of its
finitely generated subgroups. One of such properties is the asymptotic dimension.
Definition 2.3. A metric space (X, dX) is said to be of asymptotic dimension at
most n (notation asdim(X, d) ≤ n) if there is an increasing function DX : R+ → R+
such that for all s > 0 there is a cover U = {U0, ...,Un} so that the s-scale connected
components of each Ui are DX(s)-bounded i.e. the diameter of such components is
bounded by DX(s).
Next theorem shows the mentioned estimation:
Theorem 2.4. (Dranishnikov and Smith [5]) Let G be a countable group then:
asdim(G) = sup{asdim(F )}
where the supremum varies over all finitely generated subgroups F of G.
The definition of growth we will use here is just the application of the ideas of
[15] about the growth of general coarse structures to the particular case of countable
abelian groups. Recall firstly that given two functions g, f : R+ → R+ it is said
that g is of type at most f (notation: g  f) if there exists a constant C > 0 such
that g(x) ≤ C · f(C · x) with x sufficiently large. If g  f and f  g it is said that
f and g are of the same type.
Definition 2.5. Let (G, dG) be a countable abelian group with a proper left in-
variant metric, let g ∈ G, s ∈ R+ and n ∈ N. We will say that a subset A
(n,s)
g of G
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is the (n, s)-connected component at g if for every element h ∈ A
(n,s)
g there exists
and s-scale chain of lenght n that connects g with h.
The growth function of s at g ∈ G is the function:
gr(s,g) : n→ ♯(A
(n,s)
g ).
Where ♯(A
(n,s)
g ) denotes de the cardinal of A
(n,s)
g .
Let f : N → N be a function. We will say that a countable group (G, dG) is of
growth type at most f if for every g and s as above gr(s,g)  f . Moreover if there
exists an g ∈ G and an s ∈ R+ such that f  gr(s,g) then we will say that the
growth type of G is f .
We need to show that in the case of finitely generated groups with word metrics
then this definition coincides with the classical definition of growth i.e. the classical
growth of a finitely generated group (G, dG) with dG a word metric is the type of the
function f : n→ ♯(B(1G, n)). We will call this growth temporaliry classical-growth.
Proposition 2.6. Let f : N→ N be a function, let (G, dG) be a countable group of
growth type at most f and let (H, dH) be another countable group. Then:
(1) Every subset A of G is of growth type at most f .
(2) If there exists a coarse embedding g : H → G then H is of growth type at
most f .
(3) If G is a finitely generated group then G is of classical-growth at most
f . Moreover the growth type exists for G and coincides with the classical-
growth.
Proof. (1) is obvious.
To prove (2) it is enough to prove when g is inyective. The reason is that for any
coarse embedding g : H → G there exists a subset F of H such that g|F : F → G
is a coarse inyective embedding and every point of H is at bounded distance of F .
Let grs,h be the growth function of s at h ∈ H . As g is coarse there exists a ǫs
such that if dH(h1, h2) ≤ s then dG(g(h1), g(h2)) ≤ ǫs. Hence ♯(A
(n,s)
h ) ≤ ♯(A
(n,ǫs)
g(h) )
what implies grs,h  grǫs,g(h)  f .
To prove (3) notice that (G, dG) is coarsely equivalent to (G, d) with d some
word metric (see [18]) by (2) the growth of (G, d) is at most f but as (G, d) is
quasi-geodesic then our defnition of growth coicides with the definition of classical-
growth. To see it we only need that if d(g1, g2) < n · s with g1 and g2 any two
elements of G then there exists an s-scale chain of length n. This is obvious by the
definition of word metric. 
Theorem 2.7. Let (G, dG) a countable group with a proper left invariant metric
dG and let f : N → N be a function. In this situation if the growth type of each
finitely generated subgroup H of G is at most f then the growth type of G is at most
f .
Proof. Fix x ∈ G and s ∈ R+. Notice that as dG is left invariant then gr(s,x) =
gr(s,1G) and the function gr(s,1G) coincides with its restriction to the s-scale con-
nected component at 1G. By lemma 2.1 such component coincides with the sub-
group H of G finitely generated by the set A = {g|‖g‖G ≤ s}. Therefore gr(s,1G)
will be bounded by the growth type of H . 
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Example 2.8. Let G =
⊕∞
i=1 Z with some proper left invariant metric dG defined.
Then for any subexponential function f : N→ N the growth type of G is at most f .
This is clear as the growth type of each finitely generated subgroup is polynomial.
But for any polynomial function p there is a finitely generated subgroup H of G
such that the growth type q of H is not bounded by p. Hence there is no function
f such that G is of growth type f .
Corollary 2.9. A countable group G is locally finite if and only if G is of flat
growth i.e. a constant function is a growth function.
Proof. Let f(x) = 1 be a constant function. If G is of growth type at most f then
all its finitely generated groups are of growth type at most f . Hence they are finite.
Conversely if G is locally finite then for each finitely generated subgroup there
is a constant C > 0 such that H is of growth type at most f ′(x) = C. As all (non
zero) constant function are of the same type we obtain that G is of growth type at
most f ′. 
Corollary 2.10. If a countable group (G, dG) is of polynomial growth then it is
locally virtually nilpotent and of finite asymptotic dimension. Conversely if every
subgroup H ⊂ G is virtually nilpotent of polynomial growth with bounded degree
then (G, dG) is of polynomial growth and finite asymptotic dimension.
Proof. By the well known Gromov’s theorem (see[10]) any finitely generated group
of polynomial growth is virtually nilpotent. By Bass theorem ([2]) we know that
if G′ is (finitely generated) and nilpotent and G′ = G1 ⊇ G2 = [G
′, G′] ⊇ ... ⊇
Gk = {1} is its lower central series then the degree d(G
′) of the growth type of
G′ is d(G′) = Σki=1i · di with di the torsion free rank of Gn/Gn+1. But by [5] we
get that the asymptotic dimension of a nilpotent group G′ is asdim(G′) = Σni=1di.
The corollary follows easily applying theorem 2.4, 1 of proposition 2.6 and theorem
2.7 
3. Countable abelian torsion groups
The aim of this section is to study abelian groups of asymptotic dimension zero
i.e. abelian torsion groups. In [3] it was shown how to define in a locally finite
group a proper left invariant metric. Let us recall the way of doing this. Such
construction will become relevant to us in the following sections.
Definition 3.1. Let G be a (countable) locally finite group. We will say that an
ascending chain L = {{1} = G0 < G1 < G2...} of subgroups of G with G =
⋃∞
i=1Gi
is a one-step ascending chain if there exists a sequence {gi}i∈N of elements of G
such that Gi is generated by {gj}
i
j=1 and gi+1 6∈ Gi.
A sequence {gi}
∞
i=1 with such properties will be called one-step sequence of gen-
erators or simply a sequence of generators.
For each one-step ascending chain we have the sequence of numbers {mi =
[Gi+1 : Gi]}i∈N∪{0}. We will call such sequence as the one-step sequence of indexes
or simply the sequence of indexes.
Definition 3.2. Given a one-step ascending chain L = {G0 < G1 < ...} in a locally
finite group G and a sequence of positive numbers {Ki}i∈N with Ki+1 > Ki and
limi→∞Ki =∞ we can construct the following proper left invariant ultrametric:
dG(x, y) = Ki if x
−1 · y ∈ Gi \Gi−1
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We will call such metric the ultrametric generated by L and {Ki}i∈N. See [3] for
more details.
Lemma 3.3. For every locally finite group G there exists a one step ascending
chain. If G is abelian we can take a one-step ascending chain with prime sequence
of indexes.
Proof. The first statement is trivial. For the second suppose given a one step
chain L = {G0 < G1 < ...} with sequence of generators {gm}m∈N. Suppose that all
the indexes are prime till some Gi. Note that Gi+1/Gi is a cyclic group generated
by gi+1 + Gi with order mi = [Gi+1 : Gi] then if mi = Π
n
j=1pj with pj prime
numbers (not necessarily distinct) we will modify the sequence of generators in the
following way. The new sequence is given by {g′m}m∈N with g
′
m = gm if m ≤ i,
g′m = Π
k
j=1 · pj · gi+1 if m = i + k with k ≤ n and g
′
m = gi+s if m = i + n+ s − 1
with s ≥ 2. Then the new one-step chain has prime indexes till at least G′i+2 and
we can repeat the process. 
Next theorem is an easy consequence of some of the results of section 5 in [3](see
also [13]).
Theorem 3.4. A locally finite group G admits an proper left invariant ultrametric
du such that (G, du) is coarsely equivalent to (
⊕∞
i=1 Zpi , dL) with {pi}i∈N a sequence
of prime numbers and dL a proper left invariant ultrametric. If G is abelian then
we can take du such that (G, du) is isometric to (
⊕∞
i=1 Zpi , dL).
Proof. Given a one-step chain L with indexes {ai}i∈N we can generate an ultra-
metric du as in 3.2 with the sequence Ki = i. It can be checked easily that it
is isometric to G′ = (
⊕∞
i=1 Zai , d
′
L) (see Theorem 5.3 of [3]) but as this group is
abelian by 3.3 taking a one-step ascending chain L′ with prime sequence of indexes
{pi}i∈N we generate an ultrametric isometric to (
⊕∞
i=1 Zpi , dL). Thus (G, du) is bi-
uniformly equivalent to (
⊕∞
i=1 Zpi , dL). If G is abelian we can take directly {ai}i∈N
as prime numbers in the first step. 
We focus now on the coarse classification of abelian torsion groups or more
generally in view of 3.4 in locally finite groups. Such classification corresponds
with problem 5.3. of [3] (mentioned as problem 1606 in the book [14]). Now by
Theorem 3.4 we can build a proper left invariant metric in a locally finite group
coarsely equivalent to (
⊕∞
i=1 Zpi , dL) with dL an ultrametric. So we need a coarse
classification of groups (
⊕∞
i=1 Zpi , dL) with dL an proper ultrametric.
The crucial step to do this has appeared recently in a paper of Banakh and
Zarichnyi [1]. In such paper the authors showed that all groups of the form
(
⊕∞
i=1 Zpi , dL) are the base [T ] of an asymptotically homogeneous tower (see the
paper for more details) and also they proved the following theorem(Theorem 4 of
[1]):
Theorem 3.5. (Banakh-Zarichnyi [1])The base of each asymptotically homoge-
neous tower T is asymorphic(coarsely equivalent) the anti-Cantor set 2<ω.
A direct consequence of this theorem (and the previous theorem 3.4, see [3]) is
the following corollary that solves completely the cited problem:
Corollary 3.6. Any two locally finite groups are coarsely equivalent.
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4. Odd pairs and coarse splitting
The notion of one-step ascending chain can be generalized to countable groups.
Let H be a normal subgroup of a countable group G such that G/H is locally finite.
Let π : G → G/H be the usual projection. Now take a one-step ascending chain
L′ = {H/H = G′0 < G
′
1 < ...} of G/H with {g
′
i · H}i∈N a sequence of generators
and {mi} the sequence of indexes. The ascending chain L = {H = G0 < G1 < ...}
of G given by Gi = π
−1(G′i) will be called a one-step ascending chain associated
to H or a one-step ascending chain derived from L′ when the ascending chain L′
needs to be remarked. A sequence {gi}i∈N such that gi ∈ g
′
i · H will be called a
sequence of generators and the sequence {mi}i∈N will be the sequence of indexes.
Given dH and dG/H two proper left invariant metrics we are interested in the
process of building a (nice) proper left invariant metric dG related somehow with
dH and dG/H . We will show that it is possible for some kind of pairs (G,H) of
countable abelian groups H < G and for some kind of metrics dG/H .
Definition 4.1. We will say that a pair of countable abelian groups (G,H) with
H < G is an odd pair if every element of G/H has odd order.
Analogously a pair of countable abelian groups (G,H) with H < G will be an
even pair if the order of every element of G/H is a power of 2.
Elements of an odd pairs has the following nice representation.
Lemma 4.2. Let (G,H) be an odd pair and let L = {G0 < G1...} be a one-
step ascending chain associated to H with generators {gi}i∈N and (odd) indexes
{mi = 2 · ki + 1}i∈N then every element g ∈ G can be written uniquely as:
g = hg +
∞∑
i=1
ri · gi (*)
with the properties:
(1) hg ∈ H
(2) ri ∈ [−ki, ki] ∩ Z.
(3) There exists a minimum i0 so that ri = 0 for every i > i0.
Proof. To prove this we note thatGi/Gi−1 = {−ki·gi+Gi−1, ...,−gi+Gi−1, Gi−1, gi+
Gi−1, ..., ki ·gi+Gi−1}. For each g ∈ Gi we define ri(g) as the integer of [−ki, ki]∩Z
such that g is in the class ri(g) · gi + Gi−1. Given g ∈ G let n be the minimum
integer such that g ∈ Gn. We define the numbers ri and the element hg ∈ H in the
following way:
ri = 0 if i > n
rn = rn(g)
ri−1 = ri−1(g −
n∑
k=i
rk · gk) if i > 1
hg = g −
n∑
k=1
rk · gk
It is obvious that g = hg+
∑∞
i=1 ri ·gi and that ri and hg verify the three properties.
Finally uniqueness is an easy consequence of the construction. 
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This representation theorem is the main difference between even pairs and odd
pairs. For a non odd pair there will be exists some elements in G/H of order 2,
it means elements equal to its inverse and as we see we would run into problems
when we construct dG.
The following construction for odd pairs is similar to the one of theorem 3.4
Lemma 4.3. Let (G,H) be an odd pair and let L = {H = G0 < G1 < ...} be an
ascending chain derived from L′ = {G′0 < G
′
1 < ...}. Suppose there exist a proper
norm ‖ · ‖H and a sequence of positive numbers {Kn}n∈N such that for every n ∈ N
we have Kn ≥
∑n
i=1(n − i + 1) · ‖hmi·gi‖H and Kn+1 > Kn. If we define the
proper left invariant ultrametric in G/H associated to L′ and {Kn} (see 3.2 then
the function ‖ · ‖G : G×G→ R+ defined by:
‖g = hg +
∞∑
i=1
ri · gi‖G = ‖hg‖H + ‖π(
∞∑
i=1
ri · gi)‖G/H
is a proper norm in G.
Proof. We have to check the three conditions of a norm plus the proper condition.
Clearly ‖g‖G = 0 if and only if g = 0 and by Lemma 4.2 we obtain −g = −hg +∑∞
i=1(−ri) · gi and as ‖ · ‖H and ‖ · ‖G/H are norms then ‖ − g‖G = ‖g‖G. We
will prove the subadditivity by induction showing that the restriction of ‖ · ‖G to
Gn satisfies ‖x + y‖Gn ≤ ‖x‖Gn + ‖y‖Gn. The case n = 0 is trivial as ‖‖˙H is a
norm. Now suppose the subadditivity true for every group Gi with i < n and let
x, y ∈ Gn. Assume x ∈ Gn \Gn−1. By Lemma 4.2 we get:
x = hx +
n∑
i=1
ri · gi
with rn 6= 0
y = hy +
n∑
i=1
r′i · gi.
Let j be the maximum i such that r′i 6= 0. If j = n and r
′
j = −rn the result is a
consequence of the induction hypothesis. So we assume j < n or r′j 6= −rn then:
x+ y = hx + hy +
j∑
i=1
(ri + r
′
i) · gi +
n∑
i=j+1
ri · gi
With the last term possibly 0 by the convention
∑m
i=k xi = 0 if k > m.
Let hz be the element of H from the representation of z =
∑j
i=1(ri + r
′
i) · gi.
Notice that for hz there exists {si}
j
i=1 such that hz is of the form hz =
∑j
i=1 si ·
hmi·gi and |si| < j − i+ 1. It yields to:
‖x+ y‖G = ‖hx + hy + hz‖H +Kn ≤ ‖hx‖H + ‖hy‖H + ‖hz‖H +Kn ≤
≤ ‖hx‖H + ‖hy‖H +
j∑
i=1
(j − i+ 1) · ‖hmi·gi‖H +Kn ≤ ‖hx‖H + ‖hy‖H +Kj +Kn
The last term is equal to ‖x‖G + ‖y‖G. So it is a norm.
Properness is an easy consequence of the fact that the norms ‖ · ‖H and ‖ · ‖G/H
are proper. 
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The corresponding metric dG of the previous lemma will be called the pseudo-
ultrametric generated by (dH ,L).
Lemma 4.4. Let (G,H), (G′, H ′) be two odd pairs such that H and H ′ are isomor-
phic. Let ‖ ·‖H be a proper norm of H and let ‖ ·‖H′ be the induced norm in H
′ via
the isomorphism. If there exist two one step ascending chains L = {G0 < G1 < ...}
and L′ = {G′0 < G
′
1 < ...} associated to H and H
′ respectively such that the se-
quence of indexes are equal then (G, dG) and (G
′, dG′) are coarsely equivalent with
dG and dG′ the pseudo-ultramentrics generated by (dH ,L) and (dH′ ,L
′) respectively.
Moreover the coarse equivalence can be chosen to be biyective.
Proof. Let r : H → H ′ be an isomorphism between H and H ′. We will use Lemma
4.2. Let {gi}i∈N and {g
′
i}i∈N be two sequence of generators of L and L
′ and let
{Kn}n∈N, {K
′
n}n∈N be the sequences of numbers used to generate the ultrametrics
dG/H and dG′/H . Given g ∈ G with g = hg +
∑∞
i=1 ri · gi we build the map
f : G → G′ defined by f(g) = r(hg) +
∑∞
i=1 ri · g
′
i. It is clearly bijective. Let us
show it is a coarse map.
Given K > 0. we have to prove that there exist a CK such that dG(x, y) ≤ K
implies dG′(f(x), f(y)) ≤ CK for every x, y ∈ G. Firstly let iK be the maximum
index i such that Ki ≤ K. Let {hi}
iK
i=1 be the finite set of elements of G with
hi = hmi·gi and let {h
′
i}
iK
i=1 be the analoguos set in G
′ i.e. h′i = h
′
mi·g′i
. Define the
constant:
CK = K +K
′
iK +
iK∑
i=1
(iK − i+ 1) · ‖h
′
i‖H′ +
iK∑
i=1
(iK − i+ 1) · ‖hi‖H
Let us show that this constant satisfies the coarse conditon. Given x = hx +∑∞
i=1 pi · gi and y = hy +
∑∞
i=1 qi · gi with
dG(x, y) = ‖hy − hx +
∞∑
i=1
(qi − pi) · gi‖G ≤ K
There exists a minimum index i0 such that qi − pi = 0 for every i > i0. Notice
i0 ≤ iK . As in the previous proof we have that there is some hz such that:
dG(x, y) = ‖hy − hx + hz‖H +Ki0 ≤ K, and hz =
i0∑
i=1
si · hi with |si| < i0 − i+ 1.
Analogously in G′:
dG′(f(x), f(y)) = ‖r(hy)−r(hx)+h
′
z‖H′+K
′
i0 , h
′
z =
i0∑
i=1
s′i ·h
′
i with |s
′
i| < i0−i+1.
Now we get:
‖r(hy)− r(hx) + h
′
z + r(hz)− r(hz)‖H′ +K
′
i0 ≤ K + ‖h
′
z‖H′ + ‖r(hz)‖H′ +K
′
iK ≤
≤ K ′iK +K +
i0∑
i=1
(i0 − i+ 1) · ‖h
′
i‖
′
H +
i0∑
i=1
(i0 − i+ 1) · ‖hi‖H ≤ CK
And f is a coarse map. By symmetry in the reasoning the inverse f−1 of f given
by f−1(h′g +
∑∞
i=1 ri · g
′
i) = r
−1(h′g) +
∑∞
i=1 ri · gi will be a coarse map and hence
(G, dG) and (G
′, dG′) will be coarsely equivalent with f a biyection. 
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Next definition suggests an coarse analogous to the algebraic notion of splitting
in exact sequences.
Definition 4.5. Let K,G,H be groups. Given an exact sequence by:
1→ K
i
→ G
π
→ H → 1
We will say that such sequence is coarsely split if there exists proper left invariant
metrics dK , dG and dH and a coarse equivalence f : (G, dG) → (K ⊕H, dK ⊕ dH)
such that the distance between f ◦ i and id|H and the distance between π
′ ◦ f and
π are bounded with π′ : K ⊕H → H defined as the natural projection. The metric
dK ⊕ dH is defined as the usual sum metric i.e. the l1-metric of a product of two
spaces.
Theorem 4.6. Let (G,H) be an odd pair. The exact sequence:
0→ H
i
→ G
π
→ G/H → 0
is coarsely split.
Proof. Let dH be any proper left invariant metric of H and let L be a one-step
ascending chain of G/H . Take in dG the pseudo-ultrametric generated by dH and
L. Suppose that {Ki}i∈N are the numbers used to generate dG as in 4.3. Let dG/H
be a metric of G/H generated by L and {Ki}i∈N. By 4.4 we get that the map
f : (G, dG) → (H ⊕ G/H, dH ⊕ dG/H) defined by f(g) = (hg, π(g)) is a coarse
equivalence that satisfies f ◦ i = id|H and π
′ ◦ f = π. 
Remark 4.7. The metric dG/H is an ultrametric.
5. Even pairs
In this section we study coarse splitting of even pairs. The most easy case of
even pair is (Z(12 ),Z(2
∞)) with the groups defined as Z(12 ) = {
m
2k
, m ∈ Z and k ∈
N ∪ {0}} and Z(2∞) the direct limit of Z2 → Z4 → ...→ Z2i → .... It is clear that
Z(2∞) is isomorphic to Z(12 )/Z.
Lemma 5.1. The exact sequence:
0→ Z→ Z(
1
2
)→ Z(2∞)→ 0
is coarsely split. Moreover dZ can be chosen as the natural word metric.
Proof. Each element g ∈ Z(12 ) \ Z can be written uniquely as:
g = mg +
kg
2ig
with ig > 1 and mg ≥ 0, 0 < kg < 2
ig if g ≥ 0 or mg < 0, −2
ig < kg < 0 if g < 0
and (kg, 2
ig ) = 1. Take the norm ‖ · ‖Z( 12 ) defined as:
‖g‖Z( 12 ) = |g| if g ∈ Z
‖g‖Z(12 ) = |mg|+ ig if g ∈ Z(
1
2
) \ Z
Let us check that it is a proper norm. Clearly it is proper and satisfies ‖g‖Z(12 ) =
‖− g‖Z( 12 ) and ‖g‖Z(
1
2 )
= 0 if and only if g = 0.. The unique remainder property is
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‖x+ y‖Z( 12 ) ≤ ‖x‖Z(
1
2 )
+ ‖y‖Z(12 ) for every x, y ∈ Z(
1
2 ). We will write g = mg +
kg
2ig
with kg = 0 if g ∈ Z and ig any positive integer. Define δx,y as:
δx,y =


−1 if (mx +my > 0 and
kx
2ix +
ky
2iy
< 0) or (mx +my < 0 and
kx
2ix +
ky
2iy
≤ −1)
0 if (mx +my ≥ 0 and 1 >
kx
2ix +
ky
2iy
≥ 0) or (mx +my ≤ 0 and − 1 <
kx
2ix +
ky
2iy
≤ 0)
1 otherwise
In such situation for every x, y ∈ Z(12 ) we also define ix,y = max{|sign(kx)| ·
ix, |sign(ky)| · iy}. Hence we have:
‖mx +
kx
2ix
+my +
ky
2iy
‖Z( 12 ) = |mx +my + δx,y|+ ix,y
Notice that if kx and ky are not zero then:
ix,y + |δx,y| ≤ ix + iy.
So the unique non trivial case is when kx = 0 and 0 6= sign(mx+my) 6= sign(
ky
2iy
).
But in such case we have |mx +my + δx,y| ≤ |mx +my| and this implies ‖ · ‖Z( 12 )
is a norm. Now let dZ(2∞) the ultrametric generated by the one-step ascending
chain 1 < Z2 < Z4 < ...Z2i < ... and the sequence {i}i∈N (see remmark 3.2).
Define the surjective map f : (Z(12 ), dZ( 12 )) → (Z ⊕ Z(2
∞), D := dZ ⊕ dZ(2∞)) as
f(x) = (mx, π(x)). We claim that f is a coarse equivalence. Firstly we will prove
it is a coarse map. Given K > 0 and x, y ∈ Z(12 ) suppose ‖x− y‖Z( 12 ) ≤ K. Define
δx,−y and ix,−y as above then:
‖x− y‖Z( 12 ) = |mx −my + δx,−y|+ ix,−y ≤ K
Notice that ix,−y is in fact ‖π(x) − π(y)‖Z(2∞) i.e. the minimum positive integer
such that π(x) − π(y) ∈ Z(2∞) \ Z2ix,−y−1 then:
D(f(x), f(y)) = |mx −my|+ ix,−y ≤ K − |δx,−y|
And the map is coarse.
Given x ∈ Z(2∞) we define i(x) = ‖x‖Z(2∞) then there exists an unique k
′(x) ∈
{0, 1, ..., 2i(x) − 1 such that the class [k′(x)] of k′(x) in Z(2∞) is x. Take g : (Z ⊕
Z(2∞), D)→ (Z(12 ), dZ( 12 ) as the map:
g((m,x) =
{
m+ k(x)
2i(x)
if m ≥ 0
m+ −2
i(x)+k(x)
2i(x)
if m < 0
This map is injective and applying a similar reasoning as before we get it is coarse.
Also we have f ◦ g = id and if we restrict f to g(Z⊕ Z(2∞)) we obtain g ◦ f = id.
The unique points not in the image of g are those x such that x ∈ (−1, 0). Let
x = − kx2ix be one of such points. Take the element y =
2ix−kx
2ix that is in the image
of g and we get dZ( 12 )(x, y) = ‖x − y‖Z(
1
2 )
= 1. Hence g is a coarse inverse of f .
Finally by contruction we get that f ◦ i = id|Z and π
′ ◦ f = π. 
Combining this lemma and theorem 4.6 we get the following example that shows
the coarse geometry of Q. In [18] it was asked about the geometric structure of Q.
Example 5.2. Q is coarsely equivalent to Z ⊕ Q/Z. The reason is the following.
Firstly we have (Q,Z(12 )) is an odd pair. Hence Q is coarsely equivalent to Z(
1
2 )⊕
Q/Z(12 ). Now by previous lemma Z(
1
2 ) is coarsely equivalent to Z⊕Z(2
∞). Finally
we have that (Q/Z,Z(2∞)) is and odd pair and then Z(2∞) ⊕ Q/Z is coarsely
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equivalent to Q/Z. Notice that by corollary 3.6 Q/Z is coarsely equivalent to any
locally finite group.
Corollary 5.3. The exact sequence
0→
K⊕
i=1
Z
i
→
K⊕
i=1
Z(
1
2
)
π
→
K⊕
i=1
Z(2∞)→ 0
is coarsely split if K is finite.
Proof. If f : (Z(12 ), dZ( 12 )) → (Z ⊕ Z(2
∞), dZ ⊕ dZ(2∞)) is the coarse equiva-
lence defined in 5.1 then as K is finite is not hard to check that the map F :
(
⊕K
i=1 Z(
1
2 ), d
n
Z( 12 )
)→ (
⊕K
i=1(Z ⊕ Z(2
∞)),
⊕K
i=1(dZ ⊕ dZ(2∞)) defined as the prod-
uct map F (x1, ..., xk) = (f(x1), ..., f(xk)) is a coarse equivalence that satisfies the
conditions of the definition of 4.5. 
To solve the even case we will try to generalize the proccess we have done for Q
to all countable abelian groups. For such goal we will use the notion of 2-divisibility
and the idea that an even pair admits a nice embedding in a direct sum of copies
of Z(12 ) and Z(2
∞) i.e. a 2-divisible group. Then the main theorem of this theorem
will be deduced from the previous corollary.
Definition 5.4. An abelian groupG is said to be 2-divisible if the equation 2·x = a
has a solution x for every a ∈ G.
We will say that an abelian group G is even-by-quotient if (G,H) is an even pair
with H the subgroup generated by a maximal free independent system.
Remark 5.5. In an even-by-quotient group the order of any element in the torsion
is a power of 2.
Next algebraic result shows that each even by quotient group admit an isomor-
phic embedding into a 2-divisible group. Such result could be consider a particular
case of a more general case: each abelian group can be embedded isomorphically
in a divisible group (see [6]). We will give a complete proof as it is not clear how
to get the second part of next proposition from the theorem of Fuchs.
Recall that the socle of a group is the subgroup in which the orders of its elements
are free-square.
Proposition 5.6. Let G be an even-by-quotient group and let r0(G) and r2(G) be
the torsion free rank and the 2-rank then there exists a monomorphism f of G into⊕r0(G)
i=1 Z(
1
2 )⊕
⊕r2(G)
i=1 Z(2
∞). Moreover given L = {gi}
r0(G)
i=1 ∪{hi}
r2(G)
i=1 a maximal
independent system of G with hi contained in the socle then we can find f such that
f(gi) = (0, ...0, 1, 0, ..., 0, ...) and f(hi) = (0, ..., 0, 0, ..., 1, 0, ...).
In the following the torsion free rank of a group will be denoted by r0(G) or
dimQ(G⊗Q) indistinctly. The first notation appears in the classic book of [6].
Proof. Let L = {gi}
r0(G)
i=1 ∪{hi}
r2(G)
i=1 be a maximal independent system of G with hi
contained in the socle. As it is independent we get < L >=
⊕r0(G)
i=1 Z⊕
⊕r2(G)
i=1 Z2.
Where < L > means the subgroup generated by L. So < L > can be embedded
naturally in
⊕r0(G)
i=1 Z(
1
2 )⊕
⊕r2(G)
i=1 Z(2
∞). Let f be such emebedding, we want to
extend f to the whole group. Firstly notice that as L is a maximal independent
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system for every g ∈ G\ < L > there exists a minimum positive integer m > 0 such
that:
0 6= m · g = a1 + a2 with a1 ∈
r0(G)⊕
i=1
Z and a2 ∈
r2(G)⊕
i=1
Z2
Now if there exists a prime p 6= 2 such that p|m then the order of the class g +⊕r0(G)
i=1 Z in G/
⊕r0(G)
i=1 Z will be m if a2 = 0 or 2 ·m otherwise. But this contradicts
the fact that G is even by quotient. Hence m = 2k for some positive number k > 0.
The extension of f will be done in two steps:
Step 1: There exists an injective extension f˜ to H =< L, T2 > where T2 is the
torsion subgroup of G.
We proceed by induction on the order 2k of the elements to extend f . It is clear
from the preceding reasoning that all the elements of G of order 2 are in < L >
and then the case k = 1 is true. Let Hk be of the form Hk =< L,Mk > with
Mk the set of all elements of order less or equal 2
k. Suppose defined a function
fk : Hk →
⊕r0(G)
i=1 Z(
1
2 )⊕
⊕r2(G)
i=1 Z(2
∞) that is a monomorphism. We will show that
there exists a monomorphic extension fk+1 : Hk+1 →
⊕r0(G)
i=1 Z(
1
2 )⊕
⊕r2(G)
i=1 Z(2
∞).
In fact by Zorn’s lemma it is enough to prove that if there exists an extension f¯k of
fk to the subgroup H
′
k+1 =< Hk ∪ Tk+1 > with Tk+1 any subset(possibly empty)
of elements of order 2k+1 then there exists an extension f˜k of f¯k to < H
′
k+1∪{g} >
with g any element ofHk+1\H
′
k+1. Let g be such element. There exists a minimum
m ≤ k and hg ∈ H
′
k+1 such that:
2m · g = hg
Let n > 0 be an integer such that n · g = h for some h ∈ H ′k+1, we claim that 2
m|n.
Clearly if such n exists with 2m 6 |n i t must be of the form n = 2l ·p with 0 ≤ l < m
and p > 1 an odd number i.e. p = 2r · q − 1, r > 1. In such case we would get:
2r+l · q · g = 2l · g + h
Notice that by the minimality of m it can not happen that r + l ≥ m but then:
2m · q · g = 2m−r · g + 2m−r−l · h multiplying by 2m−r−l
this yields 2m−r ∈ H ′k+1 a contradiction with the minimality of m. Now let
f˜k(g) = x with x some solution of the equation 2
m · x = f¯(hg). As any element
y of < H ′k+1 ∪ {g} > is of the form y = n · g + h with h ∈ H
′
k+1 we define
f˜(y) = n ·x+ f¯(h). By the previous reasoning f˜ is well defined an it is an extension
of f¯ and an homomorphism. To prove that f˜ is a monomorphism it is enough to
prove that if n · x+ f¯(h) = 0 for some n > 0 and h ∈ Hk+1 then n · g + h = 0. Let
n = 2l ·p with p and odd number (possibly 1). Suppose on the contrary there exists
such n and h with n ·g+h 6= 0 and n ·x+ f¯(h) = 0. As f¯ is a monomorphism we can
assume l < m. If p = 1 then from f¯(2m ·g+2m−l ·h) = 0 and the injectivity of f¯ we
get 2m · g+2m−l ·h = 0. It yields to 2m−l · (2l · g+h) = 0 and the order of 2l · g+h
is less or equal 2m−l. Hence 2l · g + h ∈ H ′k+1 a contradiction with the minimality
of m. But if p > 1 then p = 2r · s − 1 with 1 < r. In this case we can suppose
l+ r < m if l+ r ≥ m then we are in the previous case. By the injectivity of f¯ and
a similar reasoning as before we get that 2r · (s · hg − 2
m−r · g +2m−l−r · h) = 0. It
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implies that the order of s · hg − 2
m−r · g + 2m−r−l · h is less or equal 2r and then
2m−r · g ∈ H ′k+1 a contradiction with the minimality of m.
Step 2: There exists an injective extension F˜ of f˜ to the whole group G
The reasoning is similar to the previous one. By Zorn’s Lemma it is enough to
show that if there exists a monomorphic extension f˜λ of f˜ to Gλ =< H ∪Mλ >
with Mλ any subset of G \H then there is a monomorphic extension F˜λ of f˜λ to
G′λ =< Gλ ∪ {g} > with g ∈ G \Gλ. Suppose f˜λ, Gλ and g ∈ G \ Gλ given. Let
m > 0 be the minimum integer for which there exists a hg ∈ Gλ such that:
2m · g = hg
Notice that reasoning as before if there exists an integer n > 0 and a h ∈ Gλ
such that n · g = h then 2m|n. Let x ∈
⊕r0(G)
i=1 Z(
1
2 ) ⊕
⊕r2(G)
i=1 Z(2
∞) a solution
of the equation 2m · x = f˜λ(hg). We know that any element g
′ ∈ G′λ can be
written as g′ = n · g + h for some integer n and h ∈ Gλ then define the map
F˜λ : G
′
λ →
⊕r0(G)
i=1 Z(
1
2 )⊕
⊕r2(G)
i=1 Z(2
∞) as F˜λ(g
′) = n ·x+ f˜λ(h). By construction
it is well defined and it is an homomorphism. It remains to show the injectivity.
Suppose that there exists an n > 0 such that n · x+ f˜λ(h) = 0 with n = 2
l · p and
2m 6 |n. Reasoning as in the previous step we would get that or the order of 2l ·g+h
is less or equal 2m−l if p = 1 or the order of s · hg − 2
m−r · g + 2m−r−l · h is less or
equal 2r if p = 2r · s− 1. As every element of finite order is in H then we obtain a
contradiction with the minimality of m then ˜˜fλ is a monomorphism and we have
completed the proof. 
Next result solves the even case.
Theorem 5.7. Let G be an even-by-quotient group such that dimQ(G ⊗ Q) < ∞.
If H is a subgroup generated by a maximal free independent system of elements of
G then the exact sequence:
0→ H
i
→ G
π
→ G/H → 0
is coarsely split.
Proof. By Proposition 5.6 we can assume thatG is a subgroup ofG :=
⊕r0(G)
i=1 Z(
1
2 )⊕⊕r2(G)
i=1 Z(2
∞) with H the subgroup
⊕r0(G)
i=1 Z. As an easy consequence of Corollary
5.3 we get that the exact sequence
0→ H
i
→ G
π
→ G/H → 0
is coarsely split. Let F : (G, dG)→ (H⊕G/H, dH⊕dG/H) be the coarse equivalence
that splits the exact sequence. Then the restriction F |G will be a coarse embedding
of G into H ⊕ G/H . In particular as the projection π : G → G/H coincides
with the composition of the projection π¯ : H ⊕ G/H → G/H with F we get that
F |G(G) ⊆ H ⊕G/H . To prove the converse inclusion take any (a, b) ∈ H ⊕G/H .
Then there exists an element b˜ ∈ G such that π|G(b˜) = b. Now by the surjectivity
of F (see the proof of 5.1 and 5.3) there exists a c˜ ∈ G such that F (c˜) = (a, b) but
it would imply c˜− b˜ ∈ H thus c ∈ G and we have proved H ⊕G/H ⊆ F |G(G). 
Problem 5.8. Classify even-by-quotient groups of infinite asymptotic dimension
up to coarse equivalence.
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6. Coarse classification and rigidity
Next theorem is derived form the results of the previous two sections.
Theorem 6.1. Let G be an abelian group such that dimQ(G⊗ Q) <∞ and let H
be a subgroup of G generated by a maximal independent free system of elements of
G then the exact sequence
0→ H
i
→ G
π
→ G/H → 0
is coarsely split. Hence G is coarsely equivalent to H ⊕G/H.
Proof. Let T2 be the 2-Torsion subgroup of G/H i.e. the subgroup of G/H such
that all the elements has order some power of 2. Notice that G/H is locally finite.
We get that the group T2 defined as T2 := π
−1(T2) is an even-by-quotient group
and by theorem 5.7 we have that the exact sequence
0→ H
i
→ T2
π
→ T2 → 0
is coarsely split. Hence there exists some proper left invariant metrics dH , dT2
and dT2 and a coarse equivalence f : (T2, dT2) → (H ⊕ T2, dH ⊕ dT2) (notation:
f(x) = (f1(x), f2(x))). Now we have that (G,T2) and (G/H, T2) are odd pairs and
by Theorem 4.6 the exact sequences:
0→ T2
i
→ G
π
→ G/T2 → 0
0→ T2
i
→ G/H
π
→ G/T2 → 0
are coarsely split. So there exist two proper left invariant metrics dG and dG/T2
and two bi-uniform equivalences
f˜ : (G, dG)→ (T2 ⊕G/T2, dT2 ⊕ dG/T2) (notation: f˜(x) = (f˜1(x), f˜2(x)) )
g˜ : (G/H, dG/H)→ (T2 ⊕G/T2, dT2 ⊕ dG/T2) (notation: g˜(x) = (g˜1(x), g˜2(x)) )
Define the map F : (G, dG) → (H ⊕ G/H, dH ⊕ dG/H) as F (x) = (F1(x), F2(x))
with F1 and F2 given by:
F1(x) = f1(f˜1(x))
F2(x) = g˜
−1(f2(f˜1(x)), f˜2(x))
It is clearly a coarse equivalence and also if x ∈ H then F (x) = (x, 0). By the
construction of f , f˜ and g˜ we obtain that F2(x) = x +H = π(x) for every x ∈ G.
So the original exact sequence is coarsely split. 
As a corollary we get easily the following result of Dranishnikov and Smith about
the asymptotic dimension of G.
Corollary 6.2 (Dranishnikov-Smith, [5]). Let G be a countable abelian group then
asdim(G) = dimQ(G⊗Q).
Proof. If dimQ(G ⊗ Q) is finite the result is a direct consequence of the previous
theorem, the fact asdim(H ⊕ G/H) ≤ asdimH + asdimG/H and the result that
says that all locally finite group are of asymptotic dimension zero(see [18] and [3]).
If it is infinite just notice that
⊕∞
i=1 Z ⊂ G and asdim(
⊕∞
i=1 Z) =∞. 
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From theorem 6.1 we get that all countable abelian groups of finite torsion free
rank are coarsely equivalent to a group Zn ⊕ L with L a torsion group. So in
view of this, corollary 2.2 and corollary 3.6 we get that the torsion free rank of
a countable group and the finitely-non finitely generated property classify up to
coarse equivalence abelian groups. So we are interested in finding an algebraic
coarse invariant that together with the torsion free rank determines if a group is
finitely generated or not. A good candidate is the Q-cohomological dimension. To
show that we will need the following theorem that is a trivial consequence of the
results of [9].
Theorem 6.3. (Gildenhuys-Strebel [9]) If G is a countable torsion free abelian
group then:
(1) dimQ(G⊗ Q) ≤ cdQ(G) ≤ dimQ(G⊗Q) + 1.
(2) If cdQ(G) = dimQ(G⊗Q) then G is finitely generated.
Combining this result, the Shalom-Sauer theorem 1.1 and our results we get:
Corollary 6.4. Let G be a countable abelian group such that dimQ(G⊗Q) <∞ .
Then:
(1) G is finitely generated if and only if cdQ(G) = dimQ(G⊗Q).
(2) If G is not finitely generated then cdQ(G) = dimQ(G⊗Q) + 1.
Remark 6.5. As said in the introduction from the Shalom-Sauer theorem and our
results to estimate the R-(co)homological dimension of countable abelian groups it
will be enough for certain rings to calculate the dimension of Zn ⊕
⊕∞
i=1 Z2.
Finally we obtain the two main theorems of this paper:
Theorem 6.6. Let G and H be two countable abelian groups. Then we have:
(1) If dimQ(G ⊗ Q) < ∞ then G is coarsely equivalent to H if and only if
dimQ(G⊗ Q) = dimQ(H ⊗Q) and cdQ(G) = cdQ(H).
(2) If dimQ(G ⊗ Q) = ∞ then G is coarsely equivalent to A ⊕ K with K
some(any) locally finite group and A a subgroup of
⊕∞
i=1 Z(
1
2 )⊕
⊕r2(G)
i=1 Z(2
∞).
(3) If H is finitely generated but G is not finitely generated then there is a
coarse embedding from G to H if and only if dimQ(G⊗Q) < dimQ(H⊗Q).
Proof. (1) is a consequence of the previous discussion.
To prove (2) we do an analogous reasoning as in the proof of 6.1. Assume G
is a group of infinite torsion free rank and let A be the maximal subgroup of G
generated by a maximal independent free system of elements of G. Let T2 be the
2-torsion group of G/A. We have that π−1(T2) = T2 is even-by-quotient and that
(G,T2) is an odd-pair. Applying theorem 4.6 and proposition 5.6 we get easily (2).
In [3] it was proved that any locally finite group can be embedded coarsely in Z.
Now if dimQ(G⊗Q) < dimQ(H ⊗Q) then G is coarsely equivalent to Z
n⊕L, H is
coarsely equivalent to Zm andm > n. So it is clear that there is a corsely embedding
of Zn⊕L in Zm. The converse is a direct consequence of the Shalom-Suaer theorem
and corollary 6.4

Theorem 6.7. If G is a countable group coarsely equivalent to an abelian group
then G is locally virtually abelian.
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Proof. By theorem 6.1 and theorem 6.6 we can assume that G is coarsely equiv-
alent to Zn ⊕
⊕K
i=1 Zpi . If K < ∞ the result is well known as mentioned in the
introduction. Let us assume that K = ∞. Let f : G → Zn ⊕
⊕∞
i=1 Zpi be a
coarse equivalence with g : Zn ⊕
⊕∞
i=1 Zpi → G its coarse inverse. Let H be a
finitely generated subgroup of G. As a consequence of Corollary 2.2 we get that
there exists an m ∈ N such that f(H) ⊂ Zn ⊕
⊕m
i=1 Zpi . Define H
′ as the mini-
mum subgroup finitely generated that contains H and g(Zn⊕
⊕m
i=1 Zpi), by lemma
2.1 such group exists. Applying again corollary 2.2 we obtain that there exists an
m′ ≥ m such that f(H ′) ⊂ Zn ⊕
⊕m′
i=1 Zpi . Now as f is a coarse equivalence f |H′
is a coarse embedding. It is obvious that there exists a constant C > 0 such that
Zn ⊕
⊕m′
i=1 Zpi ⊂ BC(Z
n ⊕
⊕m
i=1 Zpi). As g is the inverse of f it is also clear
that there exists C′ > 0 such that Zn ⊕
⊕m
i=1 Zpi ⊂ BC′(f(g(Z
n ⊕
⊕m
i=1 Zpi))).
Therefore the map f |H′ : H
′ → Zn ⊕
⊕m′
i=1 Zpi is a coarse equivalence and H
′ is
virtually abelian. It is not hard to see that any subgroup of a virtually abelian
group is virtually abelian. It implies that H is virtally abelian. 
Problem 6.8. Is any locally virtually abelian group of finite asymptotic dimension
coarsely equivalent to an abelian group?
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